Fractions and decimals

This work will help you
® revise ordering, adding and subtracting fractions
€ multiply and divide a whole number by a fraction

# convert between fractions and decimals, including recurring decimals

A Simplifying and comparing fractions

A1l Copy and complete these pairs of equivalent fractions.
@i=h OF=F ©@i=f @i=F (©@Ff=%
6 =% @5=% Ww#i=% o 8= ¢ i=2

A2 Simplify these fractions as far as possible.

(a) 18 (b) 5 (€ 2 (d) 5% (@) %
(f) % (@ & (h) 5 (i) 3 G) 2

To compare fractions, change them to the same denominator.
Example  Which is greater, % or %? 3
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A3 Which fraction in each pair is greater?

(a)%or% (b)%or% (c)%or% (d)%orlsf2 (e)%or%
(f) 3 or % (g f50or 2 (h) 2 ord (i) 2 or 2 () 1t or 3

A4 Albert, Bess and Charlie share two identical pizzas between them.
Albert has % of the first pizza and gives the rest to Charlie.
Bess has % of the second pizza and gives the rest to Charlie.

(a) Who has most pizza? Explain how you get your answer.

(b) Who has least? Explain your answer.
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B Adding and subtracting fractions

B1 Work these out. Simplify the result where possible.

@33 mEl o @b @iel @3-
® -3  @s+s  ®s+y O §-3 () -
B2 Work these out.
@ drhel @ lelel ©dvil @b
B3 Which two of these fractions do you add together to get the 3 3 5 7
largest possible result? Explain your answer. 4 5 8 10
B4 What fraction is missing in each of these?
(@) t+2=2 (b) 2+¢=3 (c) 2-i=1¢ d 1-2=1¢
B5 (a) Work out% + i. (b) Hence work out 2% + li.
B6 (a) Work out % — % (b) Hence work out 4% — 2%.
B7 Work these out. Simplify the result where possible.
(@) 33 +1¢  (b) 35-1¢ (o) 43+15  (d) 11-3 (e) 11 -1
C Multiplying a whole number by a fraction
0 1 2 3 4 5
e v e by by
EEEEEEEEENEN
6% 3 Bx2=lf=§=4%J' 7006 | 1o=-3
o, ) So jof 6=13
1%6 3 g3 -9 a1 So3of 6= 43
2 B s
e
C1 Work these out.
(a) IOX% (b)%xlS (c) 12x% (d)ix9 (e)2x%
(f) 5x3 (g) 3 x14 (h) 8x 2 (i) 2x15 () 12x3
C2 Work these out.
(a) §x8 (b) 9x 2 (c) 3x20 (d) 16 3 (e) 7x1
(f) 10x2 (g) 3x3 (h) £ x5 (i) 15x% (i) 2x7



D Dividing a whole number by a fraction

321 0 1 2 3 4
¢ 4 | >
means ‘how many 4s in 3’
1 1)1 1(1}|1)1f1)1L{1]1]L1
So3+4=12 44|44 4] 4| 4]|4|4]|4]|4]14
g2 =12 1 1 1
D1 Whatis2 + 3 ¢ 31303

i - L llllll ......
D2 Whatis 3 + ¢ ? Ll
: 1(1(1]1]1
D3What1s4+%? =|5|5|5]5]
2 2 2 |......
D4Whatis4+%? 5 5 5

W=
W=
W=
W

D5 Whatis4 + 12

3
2 2
D6 Whatis4+%? 5 5 |
D7 Whatis 6+ § ? Tl
: .3 3
D8 Whatis6 + 3 ? 3

You can do these in a similar way, by imagining the diagrams.
D9 (a) 9+% (B) 9+3 () 6+1 (d)6+5 () 105 (f) 10+3
D10 (a) 6++ (b) 6+2 (c) 6+32

D11 (a) Perry writes down a rule for dividing a whole number by a fraction.
It starts like this.
Example: 4 = %

First multiply the whole number by the denominator of the fraction: 4 x 3 = 12.
Then

Finish the rule.

(b) What do you get if you use the rule for 2 + % ?
Draw a diagram to show that the result is correct.

D12 Work these out.
(a) 81 (b) £x8 (¢)12x3 (d) 12+5 () 7xg (f) 7+4
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E Changing fractions to decimals

To change a fraction to a decimal, you divide the numerator by the denominator.

For example, 3 =5+ 8 0625
= 0.625 8[5.020%0
When you change } to a decimal, the calculation goes on forever. 033333 ..

3[1.010101010 ...

0.3333... is called a recurring decimal.

El Change  to a recurring decimal.

E2 (a) Work out % as a recurring decimal.

(b) Repeat for %, %, ...and so on.

E3 (a) ¢ is half of 4, or § divided by 2.
Starting from the recurring decimal for %, work out the recurring decimal for .

(b) Use the result for % to find the recurring decimal for ﬁ

E4 When you work out % as a recurring decimal, a whole group of figures recurs:

0.1428571428571..
711.030206040501030206040°010 ...

Work out the recurring decimals for %, %, ... What do you notice?

E5 Find the recurring decimal for 0.076
@ b L 13 [1.0000000000000 ..
91
90
78
Investigation

e Add some more fractions to each of these lists.

Fractions leading to recurring decimals % % % % ﬁ g/\/ﬁ
. . — : 1 1 1 1 1 11
Fractions leading to tferminating decimals 5 i 5 3 10 20 25

¢ Try to find a rule to tell you when a fraction will lead to a recurring decimal.

¢ Test your rule on these fractions.

1 1 1 1 1 1 1 1 1

1
21 30 11 15 40 16 80 36 52 64



F Mixed questions
F1 During one term Prakesh had 14 music lessons of § hour each, 9 lessons of 4 hour
and 7 lessons of 3 hour.

How many hours was this altogether?

F2 Carol cuts a cake into three pieces. She gives % to Debbie, i to Elly and
keeps the rest for herself.

(a) What fraction of the cake does Carol get?
(b) What is the difference between Carol’s fraction and Debbie’s?
(c) What is the difference between Carol’s fraction and Elly’s?

F3 Galil is weaving rugs, which are all identical.
In i hour she weaves % of a rug.
How many rugs will she weave in 4 hours, if she works at the same rate?

4 (a) From the facts that % =0.3333... and % = 0.5, it follows that % + % = 0.33333...
+0.5

0.83333...
What fraction is equivalent to the recurring decimal 0.83333... ? -

(b) Work out % + i (i) asafraction (ii) as a recurring decimal

Egyptian fractions

The ancient Egyptians used only ‘unit fractions’ like 1 2 é, e 5, ... (but they did allow 3).

They expressed other fractions by addlng unit fractions together.
51,1 19 _
For example, z=5+3 35= 2 + 3 +5
(They didn’t repeat the same unit fraction, so % + % + %, for example, would not be allowed.)

¢ Find a way to write each of these fractions in the Egyptian way.
(You may be able to find more than one way for some of them.)
7 7 9 17

S A
8 8 12 10 30

What progress have you made?

Statement Evidence

I can multiply a whole number by 1 Workout (a) 15 x % (b) % x 20
a fraction.

I can divide a whole number by 2 Work out (a) 12 = % (b) 8+ %
a fraction.

I can change fractions to decimals, 3 Change each of these to a decimal.
including recurring decimals. (a) % (b) & © &
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@ Fractions and decimals

p 55 A Simplifying and comparing fractions

p 56 B Adding and subtracting fractions

p 56 C Multiplying a whole number by a fraction

p 57 D Dividing a whole number by a fraction

p 58 E Changing fractions to decimals

p59 F Mixed questions

Practice booklet pages 27 to 29

A Simplifying and comparing fractions (p 55)
Adding and subtracting fractions (p 56

C Multiplying a whole number by a fraction (p 56)

¢ °6lots of %’ and ‘% of 6 do not ‘feel’ the same, even though they give the
same result. You may need to spend some time dealing with different
ways of understanding ‘fraction x whole number’ (or vice versa).

For example, pupils may find it helpful to see that 6 x 3 is equivalent to
6 x 3 + 4 and that % of 6 is equivalent to 6 + 4 x 3. As the order of ‘x 3’
and ‘+ 4’ doesn’t matter, the two expressions reduce to the same
calculation.

The number line diagram shows that ‘6 lots of %’ is 18 quarters, which
make 4 whole ones and 2 quarters, or 4%.

() This is a good point to introduce or revise cancelling common factors,
because the fact that the result is as expected helps to convince pupils that
the process is legitimate.

D Dividing a whole number by a fraction (p 57)

¢ Ordinary language is no help here. Someone who says ‘Divide 10 by 5’
usually means ‘Halve 10’.

8 Fractions and decimals o 41



You may need to give several whole-number examples to establish that
A =+ B can be thought of as ‘How many Bs in A?. For example, 15 + 3 can
mean ‘How many 3s in 157.

It will also help if you start with a number such as 12 and divide by
smaller and smaller numbers. As the number you divide by gets smaller,
the result gets larger. So pupils should expect 12 + J to be greater than
12 + 1.

E Changing fractions to decimals (p 58)

( Some pupils may be fascinated by the idea of a never-ending process

Extension 1

42 e 8 fractions and decimals

leading to a number which can never be completely written out (in
decimal notation).

The mystery deepens when you ask them to multiply 0.3333... by 3. The
result, as a decimal, is 0.9999... However, we know that 3 x % =1, from
which it follows that 0.9999... = 1.

Pupils may find the following argument helpful.

Let u=0.9999...
Then 10u = 9.9999...

Subtract: 9u =9

So u=1
Some pupils may insist that 0.9999... is not equal to 1, that it differs from
1 by a tiny amount. Try asking how big this amount is.
Investigation

The fractions which lead to terminating decimals are those whose
denominators have only 2 and/or 5 as prime factors. In other words their

denominators are of the form 2" x 5" (where either m or n could be 0).
Recurring decimals with a calculator

Pupils will have seen that the recurring digits in the decimals for %, %,
are cyclic. Although the pattern may be more complex in other cases, the
cyclic property opens up a way of using a calculator to investigate
recurring decimals.

For example, for % a 10-digit calculator shows 0.058823529.
For £ it shows 0.117647058.

Because the group 058 occurs in both, it suggests that the decimal for
% continues like this: 0.117647058823529.

If we try % , we get 0.176470588, which does not help.

1i7 gives 0.235294117, which suggests the complete cycle in the decimal
for 5 is 0588235294117647.



(There may be a problem when the calculator automatically rounds up
the last displayed digit if the next one is 5 or more.)

Sometimes there is no single cycle of digits but two or more separate
cycles.

Extension 2 How many recurring digits are there?
The number of recurring figures is interesting but more difficult to
generalise about. In the division process the recurrence starts when the
same remainder appears twice. For example, when we divide 1 by 7, the
remainders are 1, then 3, 2, 6, 4, 5, then 1 again:

0.142857
711 10°0°0°00°0'0 ...
There are only six possible remainders (1, 2, 3, 4, 5, 6) and they are all
used up in this process. If we are dividing by 13, there are 12 possible
remainders; so the number of recurring figures cannot be more than 12.
In fact, the process recurs after only six of the remainders are used. In the

case of division by 17, all of the 16 remainders are used and there are thus
16 recurring figures.

F Mixed questions (p59)

A Simplifying and comparing A4 (a) Albert has % of a pizza, Bess has |2
fractions (p 55) of a pizza. So Charlie has }; ofa
Al (a) %: % (b) 411% = % pizza (because % - % i(s) = 15)
Charlie has most.
(© 3= (d) =35
8 B (b) Albert has least.
() 3 =% () 3=33 . _ _
Adding and subtracting fractions (p 56)
8 _ 32 4 _ 32
(8) 9= 36 (h) 17 = 3 Bl 1) 5 ()3 (2% @ %
N 12_3 5 1_ 35
(D) 25=73 () 5= © 5 B 5 @ )
A2@ 5 B2 (©35F @3 N5 1
3 2 1 2 @ 25 0) &
@ ()35 (@3 Mm3F
M3 0k B2@Wg O ©@n @ g
1 7 5 5 B3 %and %), because these are the largest two
A3 (a) 1; (b) z (c) 73 (d) 12 fractlons
(¢ O3 @i 03 G=02=3-3=80=-0)
M 3 0 1
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B4

B5

B6

B7

C1

C2

D1
D2
D3
D4
D5
De6
D7
D8
D9

D10
D11

D12

(@ % () 5
(@) 3 (b)3%
@ 3 (b) 23
(a) 42 (b) 21
(&) 2

Multiplying a whole number by a

fraction (p 56)
@ 5 (b) 73
(&) 7 (O 33
(i) 125 () 73
(@ 25 (b) 6

(e) 23 () 4

D 6 () 52

{le

© % (@

(¢) 5

N

(d)

S

() 3 (d) 21
(g) 105 (h) 31

(d) 10
(h) 34

(c) 7%
(8) 24

Dividing a whole number by a

fraction (p 57)
6

18

20

10

12

6

24

8

(a) 36 (b)
(d) 9 (e)

(a) 30 (b)

(a) ... divide by the numerator of the

fraction.

12 (c) 18
80 (f) 16
15 (c) 10

(b) 22; the pupil’s diagram

(a) 32 (b)
(d) 18 (e)
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2 (¢) 8
z (f) 56

El
E2

E3
E4

E5

Changing fractions to decimals (p 58)
0.666...

(a) 0.1111...
(b) 5=02222...,3=0.3333...,up to

8 _

8 =0.8888...
(a) 0.16666...  (b) 0.083333...
2 = 0.285714285714...

=0.428571428571...

0.571428571428...
=0.714285714285...

I N N w

= =10.857142857142...

The figures 2, 8, 5, 7, 1, 4 are always in the
same order, but the starting figure is
different.

(a) 0.076923076923...

(b) 0.0588235294117647
recurs

Investigation

F
F1
F2
F3
F4

A fraction leads to a recurring decimal
when the prime factors of its denominator
include numbers other than 2, 5. These are
recurring:

1 1 11 1 1

21 30 11 15 36 52

Mixed questions (p 59)

13% hours

(@) (b) & © 1
10% rugs

(@)

(b) (){5 (i) 0.583333...

Egyptian fractions

Here is one way for each given fraction.

5 1,1 7 _1,1_,1 7 1,1
§=27T3 g=2tzt3 =210
9 _ 1,1, 1 17 _ 1, 1
0w=2T3t1 30 =2 115



What progress have you made? (p 58)

1 (a) 11y (b) 12}
2 (a) 72 (b) 12
3 (a) 0.35 (b) 0.09090909...

Sections C and D (p 28)

(c) 0.63636363...

Practice booklet

Sections A and B (p 27)
1 (a) 6 8 2 5 s 12

52 186 105
(b) 15 6 24> 8 12> 6

3@ 1 ™Y g @3
© 1 (d)
@ 15 (O 11 (® 17 (M) 3

(i) 6% () 8%

G~

7 1 31 63

5 (a) %, 3 16;1’1€Xt terms 30 64
1 3 7 9

6 (a) 4, 3> 763 Nextterms 33, ¢z

3 7 15 31 63
(b) %, i3> 515 next terms g, ¢

1 3 5, 79
(¢) & i3> 34> nextterms jg, og

1 (@ 2 (b)) 25 (o) 55 (d) 2%
() 15 (D) 55 (9 53 (h) 43
i 15 () 32 (13 (1) 53

2 () 15 (b) 10 (c) 15 (d) 10

3@ 12 (b) 12 (c) 15 (d) 50

4 (a) 135 b) 8 (0) 8 (d) 30

5 4%; the pupil’s diagram

6 (a) 65 (b) 12 (c) 12 (d) 8%

Sections E and F (p 29)

1 (a) 0.06666... and working
(b) 0.03333...

2 (a) 0.28 (b) 0.83333...
(c) 0.375 (d) 0.77777...
(e) 0.025 (f) 0.27272...

3 (a) ¢ (b) 4 hours

4 (a) 6% hours (b) %hour more

5 (a) (i) 2 (i) 0.66666...
(b) () < (ii) 0.53333...
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